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COMPUTING PI:
A BRIEF HISTORY

Steven J. Wilson
April, 2024

Three Phases
• Geometric Period (until ~1650)

• Polygon side ratios and geometry:  Archimedes
• Polygon side lengths with algebra or trigonometry
• Polygon areas and geometric series:  Liu Hui
• Trigonometric bounds:  Snell

• Analytic Period (1650-1975)
• Arctangent power series:  Leibniz, Madhava, Sharp
• Sums of power series:  Machin & others

• Modern Approaches (since 1975)
• Arithmetic-Geometric Mean:  Salamin, Brent
• Ramanujan’s Notebook:  Borwein, Gosper, Chudnovsky
• Digit-Extraction Algorithms:  Bailey-Borwein-Plouffe

First Geometric Approximation

• Archimedes began here, then doubled the number of sides.

• He did NOT use algebra (or trigonometry) or decimals.
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Archimedes (~250 BC) used Euclid

• The angle bisector divides the opposite side of a triangle in the 
same ratio as the sides adjacent to the angle.

• Proof:  Given ⊿𝐴𝐵𝐶, with AD the bisector of ∠𝐵𝐴𝐶.
• Extend CA to point E so that 𝐴𝐵 = 𝐴𝐸.
• Then ⊿𝐴𝐵𝐸 is isosceles, so ∠𝐴𝐵𝐸 = ∠𝐸.
• Then alternate exterior angle ∠𝐵𝐴𝐶 = ∠𝐴𝐵𝐸 + ∠𝐸 = 2∠𝐸.
• And ∠𝐷𝐴𝐶 = ∠𝐸, so ⊿𝐴𝐶𝐷 and ⊿𝐸𝐶𝐵 are similar.

• Then  
஺஼

஽஼
=

ா஼

஻஼
=

஺஻ା஺

஻஼
.

• So  
஺஻ା஺஼

஺஼
=

஻஽ା஽஼

஽஼
, then  

஺஻

஺஼
=

஻஽

஽஼
.

A

B

C

D

E 𝑎

𝑏

𝑥

𝑦

In particular:
𝑎

𝑏
=

𝑎 + 𝑥

𝑏 + 𝑦

Archimedes: Circumscribed Ratios
• Let                            and    

• Then                                                           and 

• Beginning with a circle of radius 153 …

• For a 96-gon:

𝑦

𝑎

𝑏

𝑠௡ =
𝑥

𝑏 + 𝑦

𝑟ଶ௡ =
𝑎

𝑏
=

𝑎 + 𝑥

𝑏 + 𝑦
= 𝑟௡ + 𝑠௡ 𝑠ଶ௡ =

𝑐

𝑏
=

𝑏ଶ + 𝑎ଶ

𝑏ଶ
= 1 + 𝑟ଶ௡

ଶ

srn

306/153> 265/1536

> (591+1/8)/153> 571/15312

> (1172+1/8)/153> (1162+1/8)/15324

> (2339+1/4)/153> (2334+1/4)/15348

> (4673+1/2)/15396
𝜋 =

𝐶

𝑑
<

14688

4673
1
2

< 3
1

7
𝑥

𝑐

𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟

𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟
=

2𝑎

96(2𝑏)
=

𝑟ଽ଺

96
>

4673
1
2

14688

Archimedes: Inscribed Ratios
• Since ⊿𝐴𝐶𝐸 and ⊿𝐴𝐷𝐵 are similar, we have ஺஽

஻஽
=

஺஼

ா஼
.

• Since 𝐴𝐸 bisects ∠𝐶𝐴𝐵, then ஺஼

ா஼
=

஺஻ା஺

஻஼
.

• Let                  and  

• Then                                                      and

• Beginning with a circle of radius 780 … 

A B

C

D

E

𝑢௡ =
𝐴𝐶

𝐵𝐶
𝑣௡ =

𝐴𝐵

𝐵𝐶

𝑢ଶ௡ =
𝐴𝐷

𝐵𝐷
=

𝐴𝐶 + 𝐴𝐵

𝐵𝐶
= 𝑢௡ + 𝑣௡

𝑣ଶ௡ =
𝐴𝐵

𝐵𝐷
= 1 +

𝐴𝐷

𝐵𝐷

ଶ

= 1 + 𝑢ଶ௡
ଶ

vun

1560/780< 1351/7806

< (3013+3/4)/780< 2911/78012

< (1838+9/11)/240< 1823/24024

< (1009+1/6)/66< 1007/6648

< (2017+1/4)/66< (2016+1/6)/6696 𝜋 >
𝑝𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟

𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟
=

96

𝑣ଽ଺
=

6336

2017
1
4

> 3
10

71
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Using side lengths and algebra
• Circumscribed

• Inscribed

Using side lengths and algebra

Polygons with Trigonometry

• Central angle

• Inscribed

• Circumscribed
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Liu Hui (263 AD)
• An n-gon with one side AB of length 𝑎௡

is inscribed in a unit circle with center O.

• The apothem OD has length  𝑟௡ = 1 −
ଵ

ସ
𝑎௡

ଶ

• The n-gon has area  𝐴௡ =
௡

ଶ
𝑟௡𝑎௡

• Side AC of a 2n-gon has length  𝑎ଶ௡ =
௔೙

మ

ସ
+ 1 − 𝑟௡

ଶ

• The difference in areas of the 2n-gon and n-gon is 𝐷ଶ௡ = 𝐴ଶ௡ − 𝐴௡

• Liu Hui’s Inequality:  𝐴ଶ௡ < 𝜋 < 𝐴ଶ௡ + 𝐷ଶ௡

• The ratio ஽మ೙

஽೙
→

ଵ

ସ
, hence 𝐷ଶ௡ + 𝐷ସ௡ + 𝐷଼௡ … ≈

ଵ

ଷ
𝐷௡

• Therefore  𝜋 ≈ 𝐴௡ +
ଵ

ଷ
𝐷௡

O

A

B

C
D

Liu Hui

Snell’s Inequality (1621)

• Lower Bound • Upper Bound

𝐵𝐺ଵ < 𝑎𝑟𝑐 𝐵𝐹 < 𝐵𝐺ଶ

𝑛
3 sin

𝜋
𝑛

2 + cos
𝜋
𝑛

< 𝜋 < 𝑛 2 sin
𝜋

3𝑛
+ tan

𝜋

3𝑛
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Snell’s Inequality: Lower Bound

• Law of Sines on ⊿𝐸ଵ𝑂𝐹

• Law of Cosines on ⊿𝐸ଵ𝑂𝐹

• Therefore

A B

F G1

E1 O 𝜃

𝛽

tan 𝛽 =
𝐵𝐺ଵ

3

sin 𝛽

1
=

sin 𝜋 − 𝜃

𝐸ଵ𝐹
=

sin 𝜃

𝐸ଵ𝐹

𝐸ଵ𝐹ଶ = 2ଶ + 1ଶ − 2 2 1 cos 𝜋 − 𝜃

𝐸ଵ𝐹 = 5 + 4 cos 𝜃

sin 𝛽 =
sin 𝜃

5 + 4 cos 𝜃

cos 𝛽 =
2 + cos 𝜃

5 + 4 cos 𝜃

𝐵𝐺ଵ = 3 tan 𝛽 =
3 sin 𝜃

2 + cos 𝜃

Snell’s Inequality: Upper Bound

• Isosceles triangles ⊿𝐷𝐸ଶ𝑂 and ⊿𝑂𝐷𝐹

• Therefore

• A modern approach to finish proving both bounds:  Note that 
𝑓 0 = 0, 𝑓ᇱ 0 = 1, and analyze 𝑓(𝜃) for direction and concavity.

A
B

O
E2

D

F G2

𝜃

𝜃/3
∠𝐷𝐸ଶ𝑂 =

𝜃

3

𝐵𝐺ଶ = 1 + 2 cos
𝜃

3
tan

𝜃

3
= 2 sin

𝜃

3
+ tan

𝜃

3

tan
𝜃

3
=

𝐵𝐺ଶ

𝐵𝐸ଶ

Snell’s Inequality:  Proof 
Lower Bound

• Let  𝑓(𝜃) =
ଷ ୱ୧୬ ఏ

ଶାୡ୭ୱ
, so 𝑓(0) = 0.

• 𝑓′(𝜃) =
଺ ୡ୭ୱ ఏାଷ

ଶାୡ୭ୱ ఏ మ , so 𝑓′(0) = 1.

• 𝑓′′(𝜃) =
ି଺ ୱ୧୬ ଵିୡ୭ୱ ఏ

ଶାୡ୭ୱ ఏ య .

Then on the interval 0,
గ

ଶ

• 𝑓ᇱ 𝜃 > 0, so 𝑓(𝜃) is increasing.

• 𝑓ᇱᇱ 𝜃 < 0, so 𝑓(𝜃) is concave down.

• Implying  𝑓 𝜃 < 𝜃 .

Therefore:  

• Upper Bound

• Let  𝑓(𝜃) = 2 sin
ఏ

ଷ
+ tan

ఏ

ଷ
, so 𝑓(0) = 0.

• 𝑓′(𝜃) =
ଶ

ଷ
cos

ఏ

ଷ
+

ଵ

ଷ
secଶ ఏ

ଷ
, so 𝑓′(0) = 1.

• 𝑓′′(𝜃) =
ଶ

ଽ
sin

ఏ

ଷ
secଷ𝜃 − 1

• Then on the interval 0,
గ

ଶ

• 𝑓ᇱ 𝜃 > 0, so 𝑓(𝜃) is increasing.

• 𝑓ᇱᇱ 𝜃 > 0, so 𝑓(𝜃) is concave up.

• Implying  𝑓 𝜃 > 𝜃 .
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With Snell             Without Snell

Early Record Holders
How?Decimals?Who?When?

Polygon side ratios, 3 x 25 sides2Archimedes~250 BC

Polygon side ratios3Ptolemy150 AD

Polygon areas, 3 x 25 sides5Liu Hui263

Polygon areas, 3 x 212 sides7Zu Chongzhi480

Polygon side ratios, 3 x 228 sides16Jamshid al-Kashi1424

Polygon side ratios, 60 x 233 sides20Ludolph von Ceulen1596

Polygon side ratios, 262 sides32Ludolph von Ceulen1615

Snell’s Inequality, 230 sides35Willebrord Snell1621

Snell’s Inequality38Christoph Grienberger1630

Leibniz Series (1674)

• Geometric Series:                       ଵ

ଵି௫
= 1 + 𝑥 + 𝑥ଶ + 𝑥ଷ + ⋯

• Then                                               ଵ

ଵା௫మ = 1 − 𝑥ଶ + 𝑥ସ − 𝑥଺ + ⋯

• And                                         arctan 𝑥 = 𝑥 −
ଵ

ଷ
𝑥ଷ +

ଵ

ହ
𝑥ହ −

ଵ

଻
𝑥଻ + ⋯

• But   గ
ସ

= arctan 1, therefore:    𝜋 = 4 −
ସ

ଷ
+

ସ

ହ
−

ସ

଻
+ ⋯ = ∑(−1)௡ ସ

ଶ௡ାଵ

• This converges by the Alternating Series Test, but very slowly!

• Error bound:    𝐸௡ ≤ 𝑎௡ାଵ =
ସ

ଶ௡ାଷ
,  so need (roughly)  𝑛 >

ଶ

ா
• For 2 decimal places (.005 accuracy), need approximately 400 terms
• For 5 decimal places, need approximately 400000 terms
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Madhava (~1400) & Sharp (1699)

• Given
arctan 𝑥 = 𝑥 −

ଵ

ଷ
𝑥ଷ +

ଵ

ହ
𝑥ହ − ⋯

• Using   గ
଺

= arctan
ଵ

ଷ

• Then   𝜋 = 6 ∑
(ିଵ)೙

ଶ௡ାଵ

ଵ

ଷ

ଶ௡ା

• Or        𝜋 = 12 ∑
(ିଵ)೙

ଶ௡ା

ଵ

ଷ

௡

• Error  𝐸௡ ≤
ଵଶ

ଶ௡ାଷ

ଵ

ଷ

௡ାଵ

John Machin (~1686-1751)

• Machin’s Formula (1706):         గ
ସ

= 4 arctan
ଵ

ହ
− arctan

ଵ

ଶଷଽ

An Arctangent Addition Formula

• Since              tan 𝛼 + 𝛽 =
୲ୟ୬ ఈା୲ୟ୬ ఉ

ଵି୲ୟ୬ ఈ ୲ୟ୬ ఉ

• Then                          𝛼 + 𝛽 = arctan
୲ୟ୬ ఈା୲ୟ୬ ఉ

ଵି୲ୟ୬ ఈ ୲ୟ୬ ఉ

• But also                    𝛼 + 𝛽 = arctan tan 𝛼 + arctan tan 𝛽

• Now let   tan 𝛼 =
௔భ

௕భ
and    tan 𝛽 =

௔మ

௕మ

• Then               arctan
௔భ

௕భ
+ arctan

௔మ

௕మ
= arctan

௔భ௕మା௔మ௕భ

௕భ௕మି௔భ௔మ
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Formula of Machin (1706)
• Using   arctan

௔భ

௕భ
+ arctan

௔మ

௕మ
= arctan

௔భ௕మା௔మ௕భ

௕భ௕మି௔భ௔మ

• Then  2 arctan
ଵ

ହ
= arctan

ଵ ହ ାଵ(ହ)

ହ ହ ିଵ(ଵ)
= arctan

ଵ଴

ଶସ
= arctan

ହ

ଵଶ

• And    4 arctan
ଵ

ହ
= arctan

ହ ଵଶ ାହ(ଵଶ)

ଵଶ ଵଶ ିହ(ହ)
= arctan

ଵଶ଴

ଵଵଽ

• Since  − గ

ସ
= arctan

ିଵ

ଵ

• Then  − గ

ସ
+ 4 arctan

ଵ

ହ
= arctan

ିଵ ଵଵଽ ାଵଶ଴ ଵ

ଵ ଵଵଽ ି ିଵ ଵଶ଴
= arctan

ଵ

ଶଷଽ

• Therefore     గ
ସ

= 4 arctan
ଵ

ହ
− arctan

ଵ

ଶଷଽ

• As a series:  𝜋 = ∑
(ିଵ)೙

ଶ௡ାଵ

ଵ଺

ହమ೙శభ −
ସ

ଶଷଽమ೙శభ

• Error:  𝐸௡ <
ଵ଺

ଶ௡ାଷ

ଵ

ହ

ଶ௡ାଷ

Sums of Arctangents
•

గ

ସ
= 4 arctan

ଵ

ହ
− arctan

ଵ

ଶଷଽ
Machin (1706), Shanks (1853)

•
గ

ସ
= 5 arctan

ଵ

଻
+ 2 arctan

ଷ

଻ଽ
Anon. MS (1721), Vega (1794)

•
గ

ସ
= 2 arctan

ଵ

ଷ
+ arctan

ଵ

଻
Vega (1789), Clausen (1847)

•
గ

ସ
= 4 arctan

ଵ

ହ
− arctan

ଵ

଻଴
+ arctan

ଵ

ଽଽ
Rutherford (1841)

•
గ

ସ
= arctan

ଵ

ଶ
+ arctan

ଵ

ହ
+ arctan

ଵ

଼
Dase (1844)

•
గ

ସ
= arctan

ଵ

ଶ
+ arctan

ଵ

ଷ
Lehmann (1853)

•
గ

ସ
= 3 arctan

ଵ

ସ
+ arctan

ଵ

ଶ଴
+ arctan

ଵ

ଵଽ଼ହ
Ferguson (1946)

•
గ

ସ
= 8 arctan

ଵ

ଵ଴
− arctan

ଵ

ଶଷଽ
− 4 arctan

ଵ

ହଵହ
Felton (1957)

•
గ

ସ
= 12 arctan

ଵ

ଵ଼
+ 8 arctan

ଵ

ହ଻
− 5 arctan

ଵ

ଶଷଽ
Felton (1958)

More Record Holders
How?Decimals?Who?When?

Arctangent series for π/610Madhava1400

Arctangent series for π/671Abraham Sharp1699

Machin’s Formula100John Machin1706

Arctangent series112Thomas Fantet de Lagny1719

Arctangent series for π/6, unpublished152Anonymous of Philadelphia1721

Machin-like formula136Jurij Vega1794

3-term Machin-like formula152William Rutherford1841

3-term Machin-like formula200Zacharias Dase1844

Machin’s Formula527William Shanks1853

3-term Machin-like formula, by hand620D. F. Ferguson1946

3-term Machin-like formula, desk calculator710D. F. Ferguson1947

Machin’s Formula, desk calculator1120Levi B. Smith, John Wrench1949

Machin’s Formula, ENIAC computer2037G. W. Reitwiesner et al.1949

3-term Machin-like formula, computer 7480George E. Felton1957

3-term Machin-like formula, computer100265Daniel Shanks, John Wrench1961

3-term Machin-like formula, supercomputer1 millionJ. Guilloud, M. Bouyer1973
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Rapidly Converging Sequences
• Arithmetic Mean:     𝐴𝑀 𝑎, 𝑏 =

௔ା௕

ଶ

• Geometric Mean:     𝐺𝑀 𝑎, 𝑏 = 𝑎𝑏 when a,b are positive.

• Arithmetic-Geometric Mean (AGM), for  𝑎, 𝑏 positive: 

𝑎௡ାଵ =
௔೙ା௕೙

ଶ
= 𝐴𝑀(𝑎௡, 𝑏௡),     with  𝑎଴ = 𝑎

𝑏௡ାଵ = 𝑎௡𝑏௡ = 𝐺𝑀(𝑎௡, 𝑏௡),  with  𝑏଴ = 𝑏

𝐴𝐺𝑀 𝑎, 𝑏 = lim
௡→ஶ

𝑎௡ = lim
௡→ஶ

𝑏௡

• Studied by Gauss (1777-1855), but unpublished in his lifetime.

• The AGM always exists, as the iterations always converge.

• Each iteration roughly doubles the number of correct digits.

AGM Convergence Proofs
Convergence, therefore existence of AGM:  Assuming  𝑎 > 𝑏,

• 𝑎௡
ଶ − 𝑏௡

ଶ =
ଵ

ସ
𝑎௡ିଵ + 𝑏௡ିଵ

ଶ − 𝑎௡ିଵ𝑏௡ିଵ =
ଵ

ସ
𝑎௡ିଵ − 𝑏௡ିଵ

ଶ

• Thus    4 𝑎௡ + 𝑏௡ 𝑎௡ − 𝑏௡ = 𝑎௡ିଵ − 𝑏௡ିଵ
ଶ

• and       ௔೙ି௕೙

௔೙షభି௕೙షభ
=

௔೙షభି௕೙షభ

ସ ௔೙ା௕೙
=

௔೙షభି௕೙షభ

ଶ ௔೙షభା௕೙షభ ାସ௕೙
≤

௔೙షభ

ଶ௔೙షభ
=

ଵ

ଶ

• Therefore    𝑎௡ − 𝑏௡ ≤
ଵ

ଶ
𝑎௡ିଵ − 𝑏௡ିଵ ≤ ⋯ ≤

ଵ

ଶ

௡
(𝑎 − 𝑏)

• and                 lim
௡→ஶ

(𝑎௡ − 𝑏௡) = 0.

Rapid convergence:
• Assuming    𝑎 > 𝑏, let      𝑐௡ = 𝑎௡

ଶ − 𝑏௡
ଶ =

௔೙షభି௕೙షభ

ଶ

• Thus   4𝑎௡𝑐௡ = 4
௔೙షభା௕೙షభ

ଶ

௔೙షభି௕೙షభ

ଶ
= 𝑎௡ିଵ

ଶ − 𝑏௡ିଵ
ଶ = 𝑐௡ିଵ

ଶ

• But      𝑎௡ =
௔೙షభା௕೙షభ

ଶ
< 𝑎௡ିଵ ,   so    𝐴𝐺𝑀 𝑎, 𝑏 < 𝑎௡

• Therefore     𝑐௡ =
௖೙షభ

మ

ସ௔೙
<

௖೙షభ
మ

ସ஺ீெ ௔,௕
→ 0 quadratically.

Salamin-Brent Algorithm (1976)
• Let   𝑎଴ = 1 and  𝑏଴ =

ଵ

ଶ
.

• Define  𝑎௡ାଵ =
௔೙ା௕೙

ଶ
, 𝑏௡ାଵ = 𝑎௡𝑏௡ .  (Arithmetic-Geometric Mean)

• Define  𝑐௡ = 𝑎௡
ଶ − 𝑏௡

ଶ .   (Not Pythagorean)

• Define  𝑠௡ାଵ = 𝑠௡ − 2௡ାଵ𝑐௡ାଵ ,   with 𝑠଴ =
ଵ

ଶ
.

• Then  𝑝௡ =
ଶ௔೙

మ

௦೙
converges to 𝜋.   (The proof involves elliptic integrals.)

• Each iteration doubles the number of correct digits.
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Borwein’s Quartic (1983, pub. 1987)
• Let   𝑦଴ = 2 − 1 and  𝑎଴ = 6 − 4 2 .

• Define  𝑦௡ାଵ =
ଵି ଵି௬೙

రర

ଵା ଵି௬೙
రర

.

• Also  𝑎௡ାଵ = 𝑎௡ 1 + 𝑦௡ାଵ
ସ − 2ଶ௡ାଷ𝑦௡ାଵ 1 + 𝑦௡ାଵ + 𝑦௡ାଵ

ଶ .

• Then  ଵ

௔೙
converges to 𝜋.

• Each iteration quadruples the number of correct digits.

• Bailey used 12 iterations in 1986 to produce 29 million digits of π.

• 25 iterations would produce 1 quadrillion correct digits.

Formulas of Ramanujan (1914)

•
ଵ

గ
=

ଶ ଶ

ଽ଼଴ଵ
∑

ସ௡ !(ଵଵ଴ଷାଶ଺ଷଽ଴ )

(௡!)రଷଽ଺ర೙

• Each term of this series produces 8 additional digits of π.

• Used by Gosper (1985) to obtain 17 million digits of π, which was 
briefly a world record.

•
ଵ

గ
= 12 ∑

(ିଵ)೙ ଺௡ !(ଵଷହଽଵସ଴ଽାହସହଵସ଴ଵଷସ )

ଷ௡ !(௡!)య଺ସ଴ଷଶ଴య೙శయ/మ

• Each term of this series produces 14 additional digits of π.

• Tweaked by the Chudnovsky brothers (1988) for high performance, 
then used by them to produce 4 billion digits of π in 1989-1994.

• Used by others 2009-2023 to produce trillions of digits of π.

BBP: A Digit-Extraction Algorithm
Bailey, Borwein, and Plouffe (discovered 1995, pub. 1997)

• 𝜋 = ∑
ଵ

ଵ଺೔

ସ

଼௜ାଵ
−

ଶ

଼௜ାସ
−

ଵ

଼௜ାହ
−

ଵ

଼௜ା଺
ஶ
௜ୀ଴

• This can be used to produce hexadecimal digits without knowing all of the 
previous digits.  Suppose we want 6th digit, then multiply by  16଺ିଵ = 16ହ.

• Let 𝑆௝ = ∑
ଵ଺ష೔

଼௜ା௝
ஶ
௜ୀ଴ , so  16ହ𝜋 = 4 16ହ𝑆ଵ − 2 16ହ𝑆ସ − 16ହ𝑆ହ − 16ହ𝑆଺ .

• Let 𝑎௝ = 𝐹𝑟𝑎𝑐 16ହ𝑆௝ = 𝐹𝑟𝑎𝑐 𝐹𝑟𝑎𝑐 ∑
ଵ଺ఱష೔୫୭ୢ(଼௜ା௝)

଼௜ା௝
ହ
௜ୀ଴ + ∑

ଵ଺ఱష೔

଼௜ା௝
ஶ
௜ୀ଺

• Multiplying by 16ହ moves hex point so desired digits are immediately to right.  
Frac (above floor) & mod eliminate unwanted digits to left for better precision.

• Note: Our example below computes in base 10 and is converted to hex. In actual 
use, entire computation would be done in base 16.

• 𝑎ଵ = 𝐹𝑟𝑎𝑐 𝐹𝑟𝑎𝑐 0 +
଻

ଽ
+

ଵ଺

ଵ଻
+

଺

ଶହ
+

ଵ଺

ଷଷ
+

ଵ

ସଵ
+

ଵ

ଵ଺(ସଽ)
+

ଵ

ଵ଺మ(ହ଻)
+ ⋯

• 𝑎௝ = 0.4695409829, 0.7446330113, 0.7618761585, 0.9686911814

• 𝐹𝑟𝑎𝑐 16ହ𝜋 = 𝐹𝑟𝑎𝑐 4𝑎ଵ − 2𝑎ସ − 𝑎ହ − 𝑎଺ = 0.6583305691

• Convert to Hex:  (0.6583305691)ଵ଴= (0. 𝐴8885𝐴283𝐷𝐷76917794)ଵ଺

• Compare:(3.1415926535)ଵ଴= (3.243𝐹6𝐴8822𝐸87𝐶199𝐴𝐶𝐵)ଵ଺
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Modern Record Holders
How?Decimals?Who?When?

a Ramanujan formula17 millionBill Gosper1985

Borwein quartic, Cray supercomputer29 millionDavid Bailey1986

Salamin-Brent & Borwein quartic, Fortran201 millionYasumasa Kanada et al.1988

Chudnovsky algorithm, mainframe computer1 billionChudnovsky brothers1989

Chudnovsky algorithm, homemade computer4 billionChudnovsky brothers1994

Salamin-Brent algorithm200 billionYasumasa Kanada et al.1999

Chudnovsky algorithm, supercomputer1.24 trillionYasumasa Kanada et al.2002

BBP-like algorithm, desktop computer2.7 trillionFabrice Bellard2009

Chudnovsky algorithm, y-cruncher, desktop5 trillionShigeru Kondo2010

Chudnovsky algorithm, y-cruncher12 trillionShigeru Kondo2013

Chudnovsky algorithm, y-cruncher, Google Cloud31 trillionEmma Haruka Iwao2019

Chudnovsky algorithm, y-cruncher, Google Cloud100 trillionEmma Haruka Iwao2022

Chudnovsky algorithm, y-cruncher105 trillionJordan Ranous et al.2024

A Few Really Good References
• Wikipedia, “Chronology of Computation of π”, accessed 11 Jan. 

2024.

• Beckmann, Petr, A History of π (Pi), various publishers, 1970-1990.

• Berggren, Lennart, Jonathan & Peter Borwein, Pi: A Source Book, 
Springer-Verlag, 1997, 2000, 2004.

• Bailey, David, & Jonathan Borwein, Pi: The Next Generation: A 
Sourcebook on the Recent History of Pi and Its Computation, 
Springer-Verlag, 2016.

• Yee, Alexander, “y-Cruncher”, accessed 2 Apr. 2024.
http://www.numberworld.org/y-cruncher/

https://www.milefoot.com/about/presentations/ComputingPi.pdf


