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" Some Highlights along a
Path to Elliptic Curves

Part 4: Solving a Cubic Equation
Steven J. Wilson, Fall 2016
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Simple Cubic Equations

= Solve x°-6x°=0.
= By factoring: X?(Xx—6)=0,so x =0 (twice),6
= Solve X*—6x=0.
) 2
= By factoring: X(x*—6)=0,s0 X :O,ir\/g
= Solve X°—6Xx*+6x=0.
= By factoring: X(X* —6X+6) =0
= Then with quadratic formula: X =0, 3+ \/5
= Solve X°-1=0.
3 _ _ 5/' _ 5
X » We get X" =1s0 X=%1=1 Butwhat'swrong?
| ,! = Corollary of the Fundamental Theorem of Algebra says

3 solutions.

= Bezout's Theorem says 3 solutions.




Cube Roofts of Unity, Algebraically

Solve x°*-1=0.
= By factoring: (X —1)()(2 +x+1)=0 1 \/5

= Then with quadratic formula: X =1, —Ei—l

2

143
= The value w:—5+7l is important.

2
= Note @’= —l+£i =1—£i+§i2=—1—£i
2 2 4 2 4 2 2
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= So three solutions are X = o, ®?, ®* .
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Cube Roofs of Unity, With Trig

= Solve x*-1=0.
= We have: X° =1=1(cos0+isin0)
= Then by (a corollary of) DeMoivre's Theorem:
x=[1(cos0+isin O)TJz

=1 (cosioJr:k” +isin 70+§k”]

= So the 3 solutions are:
1(cos0+isin0)=1

1(cosz—ﬁ+isin2—”j:—l+£i =0
g 3 3 2 2
. 4 47y 1 B

1| cos—+isin— |=—= "=’
3] 3 2

2

Other Cube Roofts

= Solve x°—40=0.

= We have: X® =40 = 40(cos0+isin0)
= Then by (a corollary of) DeMoivre's Theorem:

x=[40(cos0+isin O)TJz
— 310 COSO+2k7r e 0+2km
3 3

= So the 3 solutions are:

340 (cos0+isin0) = ¥/40

27

340[c052—”+isin—J:340[—
3 3

340(0034?”+isin
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The General Cubic Equation

The general cubic equation has the form ax®+bx® +cx+d =0

= Divide by leading coefficient: x3+gx2 +§x+%:0

bY . b, B b’
X+—| =X +=X+——X+—=
BU‘( 3a) a 3a?"  27a°

c
X+—| + X+ 0
Therefore [ 3a (a 37 [ a2 27a° J
( 3 3ac b2 27a%d b’
X+— X+ =0
2l

[ ° (3ac b*) (27ad+2b3 9abc]
x+— 0
4

3a’ 27a°

. b b
Which has the form: [x+£j + p(x+£j+q =0

= A reduced cubic equation has the form X3+ px+q=0.

Controversy

1515: Del Ferro solved a cubic lacking a quadratic term. He
died in 1526, after sharing the solution with his pupil Fior.

1535: Tartaglia announces he has solved a cubic (lacking a
linear term). Fior does not believe him, and challenges
Tartaglia to a contest. Shortly before the contest, Tartaglia
finds another solution to a cubic (lacking a quadratic term).
Tartaglia wins the contest.

1539: Cardano gets the cubic solution from Tartaglia, but
(according to Tartaglia) is pledged to secrecy.

Cardano’s pupil Ferrari solves the quartic.

1543: Cardano & Ferrari see the cubic solution in the papers
of Del Ferro.

1545: Cardano publishes the solutions of both the cubic and
the quartic, crediting Tartaglia, Ferrari, del Ferro, and others.
Tartaglia accuses Cardano of plagiarism.

1547-1548: Ferrari challenges Tartaglia to a contest, Ferrari
wins and Tartaglia is discredited.

Solving a Cubic Geometrically

= Omar Khayyam (1070) “constructed" solutions of all
types of cubic equations using intersecting conic
sections.

= Example: Solve X°—26x+60=0.

= Craph: X2

x=-6

J26

R ().
26
x* = 26x* —60x
x* —26x* +60x =0
X(x* —26x+60) =0




Reduced Cubic, Algebraically

= Solve: x*—26x+60=0
= Suppose a solution of two terms, thatis: X=u+Vv
= Then (u+v)*-26(u+v)+60=0

U+ (3uv —26)(U +V) +Vv* +60=0

/ = Choose v:% . so that several terms drop out.

= U u3+v3+630:0

u? +{§J +60=0

3u

27u® +1620u° +17576 =0

= This is quadratic in . so

—1620+/1620% — 4(27)17576
= (ZD) = -30¢%Zﬁ

R 2(27)
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Reduced Cubic, Algebraically

= Solve: x*-26x+60=0
= Suppose a solution of two terms, thatis: X=U+V

= Since ud :—30i%x/§

= Weuse u= z/%m%\/’ ~—2.42265
» and v= 3—30—%[ ~-3.57735

u+v=-6
= Solutions:  yw+vew? =3+i

U@’ +vVor =3-i

Unanswered Questions

= How do we know U* and V* are
conjugates?

3 = -2.42265
= How do we know Uw+Ve® and Ue® +Vo
35 are also solutions?

Whv=—5

= S LA = What if the radicand of the square root in
ol the formula for u® is negative, causing us
to get cube roofts of nonreal numbers2

[50. 82
= Can we simplify { _30+?J§ without using

decimal approximations?




Cardano’s Formula

= When substifuting X=U+V info x*+ px+q=0, we
get: (U+V)*+pU+Vv)+q=0
= o U +V+@Buv+p)u+v)+q=0,so use: v:;—f
3
;:] +9=0 becomes 27u’+27qu’-p*=0
= And quadratic formula gives:
o 21947 42D :ji\/(—q )2 +(£j3

B 2(27) 2 Y2 ) "\3

» Then U° +[

= So

SR SEBR ERE]
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Conjugates?

How do we know u® and V* are conjugates?

= Note that:

EXEOi CRERO XL
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3
o
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o
—
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The Other Solutions?

= How do we know uw+Vve® and uw’ +ve are also
solutions?

X+ px+0q = (Uo +Ve®)® + pluw +Va®) +q
=U'0’ +3uve" +3u’w’ +V¥0® + pum + pve’® +q
=U* + 30tV + 3uv?e® +V* + puw + pve’ +q
=u+V¥ + (Buv+ p)(Uw +Vva®) +q
=u+Vvi+q
=U+V¥ 4+ (Buv+ p)U+Vv)+q
=(U+V)*+pu+v)+q
=0

= Similarly for U’ +Vvo




Discriminants

B 3 2 3
id: x=g=d (;q] (2) o4 (ﬂ] [E]
= Cardanosaid: X \/2+\/ 2 + 3 + 2 2 + 3
LAY, (p) . .
= The quantity (7] +(§] determines the solution types.
2 3
= The discriminantis defined as A:,mg{(;zq) +[§”:,27qz,4pa

Radicands of | Discriminant | Radicands of | Solutions of Cubic
Square Roots Cube Roots Equation
Positive Negative Real 1 real, 2 nonreal

Zero Zero Real, equal 2real (1 repeated)
Negative Positive Nonreal 3real

= Real solutions from nonreal radicands was the actual
catalyst for the development of complex numbers, by
Bombelli (1572).

Cube Roots of Nonreal Numbers?

= |f the rodm:ond of 1he s uore roof is negahve then
= +— —H 7775

= Then rewrite Yhe complex value in Tr\gonometric form.

PR S B N a_-q 3 [3
d '4*[ 4 a) o0sf= = Tfﬁ iy
g
0 = 22 cos cos*| 24 [ 2 ||+ isin| cos 30 [ 2
27 2p\-p 2pY-p
[i“ ij +isin 1cos"[i“‘/z}
PY-P 3 2p\-p
v:\/_I) cos 1cos"[a—q i] —isin 1t:os"[a—q i]
3 3 p\-p 3 2p\-p

= So

P
o |ER a 3q |3 Due to Viete (1540-1603),
X’z\l 3 [60{3“)5 [Zp p] L2 kﬂ Published 1615

Example using a Trig Solution

= Solve x*-52x-96=0.
= Using p=-52 and q=-96

Then x=2\/?[cos(%cos (33\/?]4&20 kﬂ
o2 Hl[@ i)uwkﬂ
3 2(52) V52

{ 8.3267¢0516.10° =8

=8.3267c05136.10' =6
8.326705256.10° =

= Solutions involving decimal
approximations may not be

completely satisfying. - (Sqr]
3 2p\-p

11/8/2016




Nested Radicals
il 82 . ) .
= Canwe simplify 3 —30+—«/§ without using decimal
approximations? 9

= Recall from frigonometry:

-2
i

sinl5’ = sin(45“ —30“): sin45° cos30° —cos45° cos30° =

sin15° =sin 30" :+\/@: - 2-3
2 2 2
= And @:0.2588190451: 2-43

= Are they really equal?2 How can we tell2

7J€;ﬁ=sin15‘ =7“27‘/§

2
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Converting Radical Forms

= How can we convert from one form to the other?

= One direction is easy:

N /[J@—«E]i 6-2/12+2 [8-43 +2-4B
4 4 N V. 2

= But the nested form is generally not simpler. Can we
denest aradical?

Square Root Denesting Theorem (Borodin, et al, 1985)

= |f the product of the radicand and its conjugate is a
perfect square, then the square root of the radicand
will denest.

(2-+3)(2++3)=4-3=1

Denesting a Square Root

= Assume a similar form: ¥2-+/3 =a+by3
= Square both sides: 2-4/3 :(a+b\/§)z = (a2 +3b2)+2ab\/§
= Solve the system: a?+3p?=2
{ 2ab=-1

= Creatively: (a®+3b%)(-1) = (2ab)(2)
: a?+4ab+3b =0

(a+b)(@a+3b)=0 = a=-b or a=-3b
= Can use either (simpler) solution: 2(-b)(b)=-1 = b=t§

= So we have:

R
Ve




Denesting a Cube Root

82
- Denest: U={30+ 25~ 242265
» Assume: 3730+%\/§:a+b~/§
82

= Then: (a+b~/§)$=(33+Qab?)+(3a7b+3b3)~/§=—30+?~/§

» Solve: | a’+9ab’=-30
27a%h+27b° =82
(82)(a” +9ab?) = (-30)(27a%h + 27b%)

. .
sz[i) +81o(3] +733(3J+sm:0
b b b

= | ooking for rational zeros, we find %:9 = a=%

= Which gives:

= Substituting into a®+9ab* =-30 gives 8100°=-30 or [

3
= Then a=-3,s0 3,30+Q[:,3+£
9 &
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Denesting a Nonreal Radicand

= Solve x*-52x-96=0 .
= Using X=U+V and Vza— will lead to
u
P 2592 ++/—-8467200 :48+@i«/§
54 9
= Assuming u=a+biv3, then u®=(a’—9ab?)+(3a’h—3b%)iv/3
a’-9ab’ =48
= Solvin 280
93t 300 = 220
9
= Gives 280(a®-9ab®)=48(9)(3a’h-3b%)
B 2
280(3] 71296(3] 72520[3}1296:0 > 2.6
b b b 2 b

= Then (gh)’—9(6b)o? =162b° =48 = b=2. a=4

= Therefore 34B+%i«/§:4+§i«/§ and u+v=8,

Challenges

= Denest V8+2v15
= Solve x*+63x-316=0

= Solve 4x®-79x+105=0




