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Basic Facts

» Definition: Two lines are parallel if ...

» .. they lie in the same plane and do not
intersect.

» Parallel lines have equal slopes.

» Two distinct lines with the same slope are
parallel.
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Parallel Lines

®» Consider the lines:
y=2x+3
y=2x+10

®» First person to answer this question gets a prize:
= How far apart are they?

» SURPRISE: The answer is NOT 7.

Distance between lines

12

Similar Triangles:

y

c d

Thus: c=(ljd y
X

y:
But Y-=2 and y=7, therefore:
X
Ja9—d? =2d
49-d? = 4d? /
49 = 542
7
d=—=~3.13 . .
,\/g -1 0 1

Parallel Lines are equidistant.
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Parallel Parabolas?

» Are the parabolas
y=x’
y=x*+3 equidistant?

No.

Parallel Curves?

®» How do we produce a curve that is
parallel (equidistant) to the parabola?

» \\V/ith Excel, we can avoid using calculus.
» But calculus will help us understand.
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Creating an Excel Graph

= Column B: enter x-values, say
-3.2,-3.18, -3.16, ..., +3.2

=» Column C: enter first y-value, using a formula,
then select cell, hover over lower right corner,
double-click

= Graph: put cursorin table, Ctrl-A, Insert, Chart

X v e Hover here
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Improving the Excel Graph

®» To control scales and max/min:
= Right-click, choose Format Chart Area.

= Chart Options, choose square, Size,
enter height and width, lock aspect ratio.

f_ Cyé here
| SO ANdYOU ames e
N get this »Uom

Haigh
L
% T

Then choose this

Wait, there’s more!




Improving the Excel Graph

» Chart Options drop-down menu, choose an Axis.
» Bars, Axis Options, enter bounds (not Auto).
» Repeat for the other axis.

y
Format Chart Area X l

CHART OFTIONS *  TEXT OPTIING

Now we have a
squared-up graph

Format Axis

AXIS OFTIONS OPTIONS

DO ool

Two axes

Choose bars

Parallel Curve Math

» Get slope of tangent line (or close secant line), then

slope of normal
Yo—Va -1
m = mnormal :
Xy =% Mzq

» Given distance d, decompose into dx and dy

d?= (AX)Z + (Ay)2 and Miormal = ﬂ
AX
=> AX= S and Ay =m_, .AX

’ 2
1+ mnormal

» Describe new point
Xoow = X+AX and vy, =Yy+Ay
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Parallel Curve Formulas in Excel

M X o fr  =lcsca)/es-e3)
B C D E
x v

—_—
| -3.2| 1024
318 10.1124|=(C5-C2)/(B5-83)|

. | -3.1sl 9.9856
= Slope: IR

4
= Normal slope: 4 53g=-1/oa_ |
6

®» Delta-x (for d:3): 6] 0.1572331= /5QRT(1+2572)
» Delta-y 36| 0.157233) 2.9635911=c4%74 |
w32 1024
» \ew X: | 318l 101124 -6.36 0.1572330 2.563591F 0.465573[=Ba47] |
. b -2 lﬁ. 9 9]5A
» New y: 8] 1011241  -635 0157233 2963591 0asso7al -0.21ea[zcarcd |
" IS Qa aocs

®» Copy all columns down.

[

X Y m-tan m-norm  delta-x  delta-y new-x new-y
-3.2 10.24
-3.18 10.1124 -6.36 0.157233 2.963591 0.465973 -0.21641 10.57837
-3.16 9.9856 -6.32 0.158228 2.963137 0.468851 -0.19686 10.45445

Parallel Curve Graph in Excel

» Select data
» Note original series values, then select Add
~= Enter new values (one less row on each end)

» |f needed, adjust axes values of graph

Chart data range: | =Sheetil$B53:5¢5323

-
My . Edit Series

| Outiine {1 [7H] switeh R Series name:

="Parallel”

Legend Entries (Series)
9 Add H [ Edit ][ < Remove ]
Seriesi

Series X values:
=Sheetl!5H54:5H5323|

Series ¥ values:
=Sheet1!5154:515322

B B ®

[
=
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First Attempt at a Graph

= SURPRISE: Not quite what we expected.

» Need 2 new columns; X =X—Ax and vy =Yy—Ay

Cheart Title Chart Title

s this a polynomial function?

7/

= No, it does not pass the vertical line test.

\

= Even if it did, polynomials do not have cusps.

» But yes (SURPRISE), sort of:...
= |f you think of the curve as f(x,y)=0, thatis, as
» A |evel curve of a bivariate polynomial function.




Parametric Form

= Beginning with y=f(x) , whichis (t f(t))

~® Recall Ax=

nnnnn

» SO (X+AXY+AY)=|t+———

d
JLIH(F ) ,/1+(f'(t))2

Parametric Polynomial System

d f(t) fO- d
(f'®)° (o)

and y=f(t)-

= Rewrite new (x,y —[H

f!
~® As g system X=t+\/&
f'(t)

» |solate radical terms and square both sides:

(=t L+ (')’ =d f’(t) and (y- f(0)y1+(f'®) =—d
(x—t)2(1+(f’(t))2) 2(£/(t)) and (y-f(v) 2(1+( ’(t))z)—
(x=t)* (1+(F'®) ) -d*(F'®)" =

{(yf(t))z(u(f’(t))z)dzo

_d
(@)
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Bivariate Polynomial Form

®» Any parametric polynomial system
at"+at" +..+a, =0
bt" +bt" " +...+b, =0

» can be transformed into a bivariate polynomial form
by using the resultant, which is the determinant:

B R T 0

(n rows)

Ay A warmreeesranaeaaacas Gy

(m rows)
O "By by ---eeveseresentessnnensennn B

Our Parallel Curve, Parametrically
f(x)=x* with d=3

= Original curve, parametric: (t,t*)
® Slopeis f'(x)=2x

. ®» Parallel curve, parametric: |t+ (29 . 2= 8
JL+(2t)? JL+ (21
6t 3
» System: X=t+—— and y=t>—
V1+4t° V1+4t?

(x-t)’(1+42)-36t2=0 and (y—t?) (L+4t)-9=0

4t* -8t +(4x* —35)t* - 2xt + X* =0
4t° +(1-8y)t* +(4y* - 2y)t* +(y* -9) =0
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Our Parallel Curve’s Resultant

4t* —8xt® +(4x2 —35)t2 —2xt+x2=0

®» System:
4t° +(1-8y)t* +(4y* —2y)t* +(y* -9)

0

. =» Resultant:

[4 —8x (ax*-35)  -2x X
4 -8x  (4x*-35) -2 X
4 -8x  (4x*-35) -2x X
4 —8x (4 —35) —2x x2
4 -8x (4x* -35) -2x X
4 -8x (4)(2 —35) —2x X2
4 0 (1-8y) 0 (ay*-2y) 0 (v*-9)
4 0 (1-8y) 0 (4y*-2y) 0 (y*-9)
4 0 (1-8y) 0 (ay*-2y) 0 (v*-9)
| 4 0 (1-8y) 0 (4-2y) 0 (y-9)]

Our Parallel Curve’s Bivariate Polynomial

= \With the help of Mathematica

4= Resultant[ (x-t) A2 (1+4tA2) - 36tA2, (y-t~2)~2 (1+4t42) - 9, t]

oufl= 2504040397056 - 1958472 566784 x* = 558274125 312 x* - 82011543552 x% - 65753233092 x" -
283336704 x*" - 5308416 x** - 1148 454236 160 v~ 488 761 537536 x° v - 45575073792 x° v -
1377285120 x° v+ 367939584 x° y- 15925248 x™* v - 350145570816 v - 316760 647 630 x° y° -
78921423360 x' v* - 8302 680832 x° v¥ - 467804160 x° v¥ - 10616832 x'0 ¥ -
240162 693120 v° - 69427860480 x° v¥ = 828776448 x* v¥ - 634355712 x5 ¥ - 37158012t P -
12502128384 yv' - 12641328152 x° v* 12512207872 x* vP - 148635 648 xf P - 5308 a1kt VP -
10834145280 y° - 1871216640 x° v° - 180486144 x* v° - 21233 664 x° v° - 2340347904 y© -
180486144 x° v° 31850496 x" v* - 185794560y - 21233664 x° v - 5308416 v

®» A 12th degree polynomial

®» 39 terms

10
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Graph of the Resultant

In[ii}:=
ContourPlot[ %4 == 0, {x, -5, 5}, {v, -3, 7}, PlotPoints - 500]

ouguE <

[ 2 4

» Another SURPRISE: ... 4 branches, not 2

» \\Ve squared both sides, extraneous solutions

Factoring the Resultant

®» Factoring

inj121= Factor[ %4]
Oulis= 20736 (-12321 + 3708 x° - 431 x* + 16 x° - 2664 v =
Tox'y-40xtve1zasyi-esext v lext vi-2eev -zt v s 16 vt
(-9801-4716x% - 423 x* c16x% 2376 v-234ax® y-gx’ yo0a5 i -
320x" v r1ex v¥- 262 v - 32 %% v7 L 16 ¢Y)

= Graphing Each Factor (6t degree, 13 terms)

In2z1= ContourPlot[Evaluate[%13[[2]] = 0], In2z1= ContourPlot[Evaluate[%13[[3]] = 0],
{x, -5, 5}, {¥, -3, 7} {x, -5, 5}, {v¥, -3, 7H

oupze 2[ cuizaE |
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The Answer Page

= The Curve Parallel to y = x’, at a distance of 3, is:

Chart Title

16x° +16x"y* —40x"y —32x%y® — 431x* - 256x°y* +16Yy*
+70x%y —296y° + 3708x% +1225y% + 2664y —12321=0
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